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On the Vorticity of Mesoscale Ocean Currents

By Calin Iulian Martin

SPECIAL ISSUE ON MATHEMATICAL ASPECTS OF PHYSICAL OCEANOGRAPHY

ABSTRACT. We discuss some aspects of mesoscale ocean flows 
in which vorticity plays a key role. In addition to wave-current 
interactions on the continental shelf, where Earth’s rotation is 
negligible, we also look into the interplay of wind forcing and 
the Coriolis force that drives large-scale ocean eddies.

INTRODUCTION
Vorticity in fluid flows is twice the angular velocity at a point in 
a fluid and can be considered the local rate of rotation, similar 
to angular momentum in solids. Imagine that, instantaneously, 
a tiny part of the fluid continuum becomes solid and the rest 
of the flow disappears: in this scenario, if the tiny new solid 
particle is rotating, there is vorticity in the flow. It is import-
ant to note that vorticity is the microscopic measure of rota-
tion of a fluid around a point—it is not indicative of global rota-
tion of the fluid (see the discussion in Constantin, 2011a). For 
discussions of the connections between vorticity and swirling 
domains of fluid flows, and the challenges of identifying vortices 
in fluids from features of the velocity field, see Haller (2005) and  
Haller et al. (2016).

In vector calculus terms, the vorticity vector is simply the curl 
of the velocity vector. All fluid flows on Earth actually have vor-
ticity simply because of Earth’s rotation, with the planetary vor-
ticity vector pointing parallel to Earth’s rotation axis. However, 
in casual observations, we do not consider this type of vorticity 
because its size is twice the angular rotation rate of Earth, with 
Ω ≈ 7.293 × 10–5 rad s–1, so that it is only important for cumula-
tive effects on timescales of the order of a few days and/or spatial 
scales of the order of tens of kilometers (see Talley et al., 2011). 
On the other hand, the vorticity of the fluid motion relative to 
the rigid bed is called the relative vorticity, with the total vortic-
ity of a fluid flow being the sum of the relative vorticity and the 
planetary vorticity.

In Cartesian coordinates rotating with Earth, with x, y, and 
z directed eastward, northward, and upward, respectively, and 
with the velocity components designated by U = (u, v, w), the 

components of relative vorticity are
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while the planetary vorticity vector is given by

2Ω (0, cos θ, sin θ),

where θ θ ∈ [−π/2, π/2]
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 [−π/2, π/2] is the angle of latitude. In particu-
lar, in the special case of horizontal motion with no z depen-
dence, U(x, y) = (u(x, y), v(x, y), 0), the relative vorticity has 
vanishing horizontal components, with vertical component 
ζ(x, y) = ∂v
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− ∂u
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1

, and can thus be thought of as a scalar. Also, 
for U(z) = (u(z), 0, 0), the relative vorticity can be identified 
with a scalar.

Let us now discuss the importance of the contributions of 
relative and planetary vorticity to total vorticity in a large-scale 
ocean flow at mid-latitudes. Typically, the vertical velocity com-
ponent is about 104 times smaller than the horizontal ones (see 
Constantin and Johnson, 2017b), and for this reason, we can 
neglect the contributions of its gradient toward the relative vor-
ticity. Let U ≈ 0.1 m s–1, H ≈ 4 km, and L ≈ 100 km be typi-
cal values for the horizontal velocity, for the depth, and for the 
horizontal length scale, respectively, of large-scale ocean flows 
at mid-latitudes (see Vallis, 2006). A scale analysis of the scalar 
components of the relative vorticity vector now reveals that the 
dominant terms in its horizontal components, ∂u∂z
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as U/H, whereas the two vertical components, ∂u∂y
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, scale as 
U/L. Therefore, the size of the vertical component of the relative 
vorticity is H/L ≈ 0.04 relative to the horizontal components, 
which means that the relative vorticity vector points mainly in 
the horizontal direction. The size of the horizontal component 
of the planetary vorticity is (2Ω cos θ) H /U ≈ 5, compared to 
that of the relative vorticity at 30° latitude. On the other hand, 
considering the vertical components of the two vorticity vec-
tors, the ratio of the relative and planetary contributions to the 
total vorticity scales as U /(2Lsin θ) ≈ 10–2. These considerations 
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show that for large-scale ocean flows at mid-latitudes, the rela-
tive vorticity is typically small compared to the planetary vortic-
ity. However, there are exceptions to this rule: eddies are encoun-
tered in all regions of the global ocean. Following Talley et al. 
(2011), by “eddies” we mean features with horizontal scales in 
excess of several kilometers, up to about 200 km, that are depar-
tures from the mean properties described above. At these meso-
scales, the issue of surface waves might also present intriguing 
facets that are simply irrelevant for large-scale ocean flows, and 
for which the effects of Earth’s rotation are minute. In this paper 
we explore these two directions of investigation from the vantage 
point of vorticity, within the setting of steady flows—although 
there is definitely some temporal variability in the wind field, 
nevertheless, a persistent average pattern is evident (e.g., https://
www.opc.ncep.noaa.gov/gridded_wind_vectors.php), and this 
justifies the use of a steady-flow framework for mesoscale ocean 
circulation. Note also that while the relative vorticity of ocean 
flows is mainly wind generated, the way in which other factors 
come into play in the global ocean circulation (e.g., the Coriolis 
force) is often quite subtle—for example, the North Equatorial 
Countercurrent flows upwind in the Pacific Ocean.

WAVE-CURRENT INTERACTIONS WITH 
NEGLIGIBLE CORIOLIS EFFECTS
The continental shelf is an underwater landmass, with aver-
age depth about 50 m, that extends seaward from the shore 
with a typical gradient of 1/500, while at its outer limit—the 
shelf break—the gradient increases precipitously to about 1/20 
to form the continental slope down to the sea bottom at sev-
eral kilometers depth. The continental shelf of Eastern Siberia is 
the widest continental shelf, extending more than 1,000 km off-
shore, along a continental coastline that exceeds 3,000 km (see 
Figure 1). It is covered by ice 
for most of the year, except in 
the summer, when 2–3 m high 
waves with wavelengths of the 
order of 60–90 m propagate at 
the surface of a flat bed of mean 
depth 45 m (see Münchow 
et al., 1999).

The most important cur-
rents on continental shelves 
are tidal and wind-generated 
currents. Tidal currents flow 
toward the shore (flood state) 
during part of the tidal cycle, 
clustered around 24 h and 12 h 
bands (diurnal and semidiur-
nal, respectively), and seaward 
(ebb state) during the remain-
der of the tidal cycle, with 
slack water periods (almost no 

horizontal movement) in the transition period. The unsteadiness 
of tidal currents is relevant for timescales of several hours, while 
for times of the order of one hour, tidal currents are nearly uni-
form with depth (see Peregrine and Jonsson, 1983). Although 
tide-generating forces are all-pervasive in the ocean, they do not 
influence the mean large-scale ocean circulation because they 
represent periodic motions that do not contribute to the balance 
of forces for the steady state. Over timescales of the order of one 
hour, the tidal current is uniform with depth and propagates in 
one direction as an irrotational flow (with zero vorticity), with 
free-surface waves of insignificant wave height (of a few centi-
meters), as depicted in Figure 2. Tidal current speeds on the East 
Siberian continental shelf are of the order of 0.05 m s–1 while the 
speed of the surface wind-drift current in this region is about 
0.5 m s–1 (and rarely exceeds 1.5 m s–1; see Münchow et  al., 
1999). The challenge is therefore to investigate the wind-driven 
flow. Over scales of the order of hundreds of meters (for which 
the effects of Earth’s rotation are insignificant), when wind blows 
over water, it accelerates the surface in the wind direction, and 
the velocity profile of the wind-drift current develops in the 
near-surface region. Systematic data collection provides guid-
ance for the velocities of wind-generated currents as functions 
of depth, with the horizontal fluid velocity profile of the pure 
current state over the flat bed z = −d, in the absence of wave- 
induced vertical velocities, given by

 

u0(z) =

{
s
(
1 +

z

d0

)
for − d0 ≤ z ≤ 0 ,

0 for − d ≤ z ≤ −d0 ,
(1)

1

 

(1)

where d0 > 0 is the reference depth of 50 m, and the magnitude s 
of the surface wind-drift (at z = 0 ) corresponds to about 2%–7% 
of the wind velocity measured at 10 m above sea level (see Ewing, 
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1990). The flow pattern of the eastward wind-drift current on 
the Eastern Siberian continental shelf is depicted in Figure 3.

As noted in the introduction, the pure-current flow 
(1) has non-zero constant vorticity s /d0. In this case, the two- 
dimensional nature of the flow permits us to regard the vortic-
ity as a scalar, and in the presence of waves, this parallel flow 
is distorted by the wave-induced vertical motion in wave- 
current interaction (see Figure 4 for an illustration of travel-
ing waves, flows whose velocity field and free surface exhibit an 
(x, t)-dependence in the form (x − ct), where x is the direction 
of propagation, t is time, and c is the constant wave speed. The 
wave action distorts the straight horizontal streamline- pattern 
observed in the pure-current state (in the absence of waves, 
as depicted in Figures 2 and 3) into sinusoidal curves with an 
oscillation amplitude that typically decays with depth, so that 
the oscillation subsides on the flat bed (with the motion along 
the bed in the direction of wave propagation).

Note that the flow pattern for a fixed observer differs mark-
edly from that depicted in Figure 4 (in which the observer fol-
lows the wave), even in the case when the current is uniform 
and the flow is irrotational (zero vorticity): every particle experi-
ences a back-and-forth motion in the horizontal direction, with 
a forward drift. In the case of particles above the flat bed, the 
motion also has an oscillatory character in the vertical direction, 
so that the particle describes a forward loop (see the discussion 
in Constantin (2006, 2011a) and Constantin and Strauss (2010) 
for theoretical considerations, Clamond (2012) for numerical 
simulations, and Umeyama (2012) for experimental evidence). 
Study of particle paths beneath a traveling water wave in a flow 
without an underlying current indicates that nonlinear effects 
are essential. Neglecting them by using a linear approximation 
leads to erroneous theoretical conclusions that in a fixed refer-
ence frame the particle paths are closed. For example, in water 
with a flat horizontal bed, all particles move on ellipses that have 
the same distance between their foci, but the lengths of their axes 

decrease with depth, so that at the bottom the ellipses degenerate 
into straight lines; moreover, each particle appears to describe 
its ellipse in a wave period, and they are all in the same phase, 
whereas in reality they perform a backward- forward motion (a 
loop pattern) with a forward drift (see Milne-Thomson, 1960; 
Constantin, 2011a). 

It is quite difficult to gather information about the underlying 
current from knowledge of the free surface, with the pure wave 
state (no underlying current, which could happen if waves gen-
erated by a distant storm enter an area of still water) being quite 
similar to that of a wave-current interaction with a uniform 
underlying current, or even with a wind-drift current that moves 
in the direction of the waves. Some counterintuitive phenomena 
occur, for example, the fact that in the absence of adverse cur-
rents, a free-surface profile that is monotone between succes-
sive crests and troughs has to be symmetric even if an underly-
ing sheared current is present (see Constantin and Escher, 2004; 
Constantin et al., 2007). This means that the shear of the under-
lying current is not easily recognizable in the surface wave pat-
tern. Note that though surface waves can be generated by local 
short-duration winds and can propagate over large distances, 
the underlying current is due to long-duration, persistent wind 
action. Thus, in a wave-current interaction, the direction of 
wave propagation and of the underlying current may be dif-
ferent. In particular, adverse currents propagating in the direc-
tion opposite to that in which the surface waves move may be 
encountered. We distinguish between favorable currents, which 
are sheared in the same direction as that of the wave propaga-
tion (downstream waves), and adverse currents, sheared oppo-
site to the direction of wave propagation (upstream waves). Field 
data, laboratory experiments, and numerical simulations indi-
cate that an adverse wind-drift current will shorten the wave-
length, and thereby increase both wave height and wave steep-
ness, even to the extent that bulbous waves with overhanging 
wave profiles might appear (see the discussions in daSilva and 

flat free surface

flat bed
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flat bed

surface wave

flat bed

FIGURE 2. Uniform two- 
dimensional current as a 
model for a free-surface irro-
tational flow in the absence of 
waves. Tidal currents present 
such features.

FIGURE 3. Sheared two- dimensional 
current without flow reversal as a 
model for a free-surface flow with 
constant non-zero vorticity in the 
absence of waves. Wind-generated 
small-scale currents on the conti-
nental shelf are of this type.

FIGURE 4. Streamlines of a wave-current interaction between a surface 
traveling wave and an underlying current of constant vorticity without 
flow reversal, in the frame of reference moving at a constant wave speed 
(in which the flow appears steady).
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Peregrine, 1988; Swan et al., 2001; Constantin et al., 2016). In 
contrast, for waves propagating in the direction of the current, 
the wavelength becomes longer and flattens the wave so that its 
slopes are less steep (see Thomas, 1990; Ko and Strauss, 2008; 
Constantin et al., 2015).

The presence of an adverse current can lead to the appearance 
of critical levels where the background current equals the wave’s 
phase velocity (so that the speed vanishes in the reference frame 
moving at the wave speed) and flow-reversal occurs (as depicted 
at mid-depth in Figure 5). Critical levels are of great importance 
in wave-current interactions because they considerably alter the 
flow pattern, with drastic changes possible due to the action of 
waves (e.g., the flow reversal of the subsurface current field in 
the equatorial Pacific and the occurrence of slow, long, zonal, 
internal waves lead to the formation of critical levels; see the dis-
cussions in Smyth et al., 2011, Constantin, and Johnson, 2015, 
and Liu et al., 2016). Stagnation points trigger these phenom-
ena (stagnation points occur when the horizontal fluid velocity 
equals the wave speed and the vertical fluid velocity vanishes, so 
that in a frame moving at the wave speed these points are stag-
nant; see Figure 6 and studies of the flow beneath a surface wave 
with vorticity: Wahlen, 2009; Constantin and Varvaruca, 2011; 
Constantin et  al., 2016; Ribeiro et  al., 2017). While in Earth’s 
ocean the currents are nowhere near fast enough to match the 
speed of a surface gravity wave (among the fastest currents are 
those between the Scottish mainland and the Orkney Islands in 
Pentland Firth, with speeds up to 5.5 m s–1; see Goddijn-Murphy 
et al., 2013), internal waves can develop critical levels (e.g., in the 
equatorial Pacific, as pointed out above). Critical levels are absent 
in irrotational flows, so that non-zero vorticity (associated with 
shear flows) is essential for the occurrence of such flow patterns. 
Moreover, note that in the case of the East Siberian continental 
shelf, the wind-drift current reaches to the bottom of the shelf 
because the shelf is a relatively shallow region. In deeper regions, 
the wind-drift current may be confined to a near-surface layer 

beneath which the flow is irrotational. The simplest description 
of such a scenario, from the point of view of vorticity, would be 
a discontinuous vorticity distribution, in the sense that the fluid 
consists of two layers of constant but different vorticities. For 
investigations of this phenomenon, see Henry (2013), Martin 
(2014, 2015, 2017a), and Martin and Matioc (2016).

The setting for the considerations regarding wave-current 
interactions described above is that of two-dimensional invis-
cid gravity water flows with constant vorticity. Inviscid the-
ory is appropriate for the study of water waves that are not near 
breaking because the most significant effects of viscosity in the 
open sea are wave-amplitude reduction and diffusion of deeper 
motions over time and length scales that are far larger than those 
of the dynamical surface processes (see daSilva and Peregrine, 
1988). Also, the choice of constant vorticity is justified because 
for long waves propagating at the water’s surface over a nearly 
flat bed (with wavelengths that exceed the mean water depth), 
the existence of non-zero mean vorticity is more important 
than its specific distribution (see the discussion in daSilva and 
Peregrine, 1988). Using the governing equations (incompress-
ible Euler equations), it can be shown that in a two-dimensional 
flow, the vorticity of each individual water particle is constant 
as the particle moves about (see the discussion in Constantin, 
2011a). In particular, if the vorticity of a two-dimensional flow 
is constant at an instant, it will remain so in its subsequent evo-
lution. In contrast to this, there is a lack of conservation of vor-
ticity in three-dimensional flows, and this feature proves to be 
a major obstacle to the understanding of crucial properties of 
the flow. Nevertheless, the governing equations indicate that in 
three-dimensional flows a particle that has no vorticity never 
acquires it (see Constantin, 2011a). In general, part of the water 
may be moving irrotationally and other parts rotationally. As 
time passes, the irrotational part may occupy different regions 
of space: the fact that the vorticity vanishes is a property of those 
parts of the fluid that are moving irrotationally and not of the 

flat free surface

flat bed

FIGURE 5. Sheared two-dimensional current with 
flow reversal as a model for a free-surface flow 
with constant non-zero vorticity in the absence of 
waves. Wind-generated small-scale currents (for 
which the effect of Earth’s rotation is not relevant) 
interacting with a uniform countercurrent (e.g., a 
tidal current) are of this type.

FIGURE 6. Kelvin’s cat’s eye streamline pattern, as viewed by an observer moving with the 
wave speed, is typical for traveling surface waves interacting with an underlying current of 
constant vorticity with flow reversal. The wave action distorts the pattern depicted in Figure 4 
in the absence of a countercurrent, with the most striking changes occurring near the level 
of the horizontal critical layer consisting of stagnation points that mark flow reversal. Only the 
points of the critical layer that lie beneath the crest or the trough remain stagnation points, as 
they are surrounded by closed streamlines that delimit an upper region of positive horizontal 
fluid velocity from a lower fluid region in which the flow direction is reversed.
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regions of space they may occupy at some instant. Therefore, if 
a fluid flow has regions that are irrotational and others where 
non-zero vorticity is present, the spatial region originally occu-
pied by fluid in irrotational motion may pick up vorticity at later 
times, so, in general, the irrotational region will move around 
with the flow.

The localized nature of wave-current interactions makes the 
effects of Earth’s rotation (and of its sphericity) negligible. We 
did not address the way in which energy is transferred from the 
wind to the water, taking the view that we only study the prop-
agation of waves on currents once both are generated. We also 
note that the effects of surface tension related to the appearance 
of capillary or capillary gravity water waves are on much smaller 
scales, of the order of millimeters and centimeters, respectively, 
and for this reason we did not take them into account. While 
it might look somewhat restrictive, two-dimensionality (in the 
form of a preferred direction of propagation and variations that 
essentially occur only in this horizontal direction and in that of 
the vertical, so that to describe these flows it suffices to consider 
a cross section in the direction of wave propagation since the 
motion is identical in any plane parallel to it), it is actually of 
great physical relevance for wave-current interactions. Indeed, 
the primary sources of currents are long-duration winds. 
Systematic studies of the velocity profiles of wind- generated cur-
rents in shallow-water regions with a nearly flat bed, such as the 
continental shelves, show that they are accurately described as 
flows with constant vorticity (Ewing, 1990). Also, gravity water 

flows of constant vorticity are inherently two-dimensional, 
with the vorticity determining the direction of wave propaga-
tion (see the discussions in Constantin, 2011b; Wahlen, 2014; 
Martin, 2017c). The main conclusion of these considerations is 
that vorticity is a hallmark of intricate ocean flow patterns, even 
without accounting for the effects of Earth’s rotation and sphe-
ricity. The effects of Earth’s rotation and also those of its sphe-
ricity (for large-scale ocean flows) can only enrich the dynam-
ics, adding to the intricacy of the investigation, but also bringing 
about new phenomena.

LARGE-SCALE EDDIES
To illustrate how Earth’s rotation induces deflections in the 
near-surface ocean flow as a result of wind action, we offer a case 
study of the eddy depicted in Figure 7, located in Drake Passage 
in a region where there is a nearly flat bed (see Figure 8).

Drake Passage is an oceanic gateway approximately 850 km 
wide. Located between South America and Antarctica, it con-
nects the Pacific and the Atlantic Oceans and constricts the 
Antarctic Circumpolar Current (ACC) to a narrow geograph-
ical region. For the last 20 years, Drake Passage has been the 
most comprehensively observed part of the Southern Ocean. 
Geological studies of oceanic sedimentary rock in the passage 
show that it was closed about 41 million years ago, and before it 
opened, the Atlantic and Pacific Oceans were entirely separate, 
with Antarctica being much warmer (in particular, having no ice 
cap). The joining of the two great oceans initiated the ACC and 
resulted in a significant cooling of Antarctica by about 3°C (see 
Toggweiler and Bjornsson, 2000). Drake Passage, whose aver-
age depth is about 4 km, is the only means of exchange of deep 
waters between the Pacific and the Atlantic Oceans because the 
depth of the Bering Strait between Alaska and Siberia varies 
between only 30 and 50 m. Moreover, the flow through this nar-
row and shallow strait (it is 82 km wide at its narrowest point) is 
much less than that through Drake Passage. 

The ACC is the most important current in the Southern 
Ocean, and the only current that flows completely around Earth, 
encircling the continent of Antarctica and flowing eastward 
through the southern parts of the Atlantic, Indian, and Pacific 
Oceans. The ACC is often referred to as the “West Wind Drift” 
because it is wind-generated, and the prevailing westerly wind in 
this ocean region is eastward. In contrast to most wind- generated 
currents, which are typically confined to the upper 200 m of the 
ocean, the ACC reaches great depths, with speeds of 0.05 m s–1 
at about 2 km depth, while the surface speed attains 0.15 m s–1 
(see the discussion in Constantin and Johnson, 2016b). While 
significant surface waves interact with the ACC—monster waves 
more than 35 m high are typically observed near the southern 
tip of Africa (see Walton, 2013)—and many aspects of wave- 
current interactions are of current interest (see Constantin and 
Monismith, 2017), for studying the eddy in Drake Passage, only 
the current aspect of the ACC is of significance, given that the 

FIGURE 7. A well-defined eddy detected in Drake Passage by NASA’s 
Earth Observing System. The difference in surface albedo (the fraction of 
the incident sunlight that is reflected by phytoplankton, suspended sed-
iments, and dissolved organic material) between the eddy and the sur-
rounding waters is quite large. Image credit: SeaWiFS Project, NASA/
Goddard Space Flight Center, and ORBIMAGE
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relevant scale is of the order of 10 km (mesoscale). ACC flow has 
non-zero vorticity, but wind stress also plays a role in driving 
the eddy. As strong winds blow across the Southern Ocean, the 
water moves as a result of its frictional drag on the surface. If we 
ignore Earth’s rotation, as we did in the earlier section on Wave-
Current Interactions, then frictional coupling between the mov-
ing air and the ocean surface would push a thin layer of water in 
the same direction as the wind. The surface layer in turn would 
drag the layer beneath it, putting it into motion, and this interac-
tion would propagate downward through successive ocean lay-
ers, like cards in a deck, each lower layer moving in the wind 
direction at a slower speed than the layer above it (thus generat-
ing the sheared current profile depicted in Figure 3). This type 
of behavior occurs not only in small-scale flows (like those dis-
cussed in the section above on Wave-Current Interactions) but 
also in large-scale equatorial ocean flows, because in both cases 
the Coriolis effect is negligible—at the equator the Coriolis effect 
is zero. We refer the reader to Constantin, (2012), Constantin 
and Johnson (2015, 2016a, 2017a), Henry (2016), Martin 
(2017b, 2017c), and Ionescu-Kruse and Martin (2018) for var-
ious aspects of equatorial flows, and discuss here some general 
features of mid-latitude wind-drift currents that are applica-
ble to the Southern Ocean. At mid-latitudes the effect of Earth’s 
rotation is to deflect, to depths of about 100–150 m, each water 
layer with respect to the one above it, while the motion of the 
surface water is deflected relative to that of the wind. This behav-
ior is known as the Ekman spiral, named for the Swedish phys-
icist Vagn Walfrid Ekman (1874–1954) who first investigated it 
mathematically (Ekman, 1905). Ekman was prompted to study 
this phenomenon by field observations made by the Norwegian 
explorer Fridtjof Nansen (1861–1930), who attempted in 1893 
to reach the North Pole by allowing his wooden ship, Fram, to 
freeze into the ice pack (where it remained locked for about 
35 months) in the hope to drift with the ice and thereby reach 
the North Pole. While Nansen only came within 394 km of the 
North Pole, he made a number of important observations. In 
particular, he noticed that the direction of ice and ship move-
ment was consistently to the right of the prevailing wind direc-
tion. Ekman’s reasoning was that, by neglecting the vertical 

velocity component (w) and retaining only the horizontal veloc-
ity components (u, v), at leading order in the mesoscale regime 
in which Coriolis effects matter and within the layer in which 
friction plays a role in the balance of forces (now called Ekman 
layer), the linear approximation of the governing equations 
reduces to the system
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where x is the zonal direction (west-to-east), y is the meridional 
direction (northwards), and z is that of the local vertical, while 
ρ is the (constant) density, v is the (constant) eddy viscosity, g is 
the gravitational constant of acceleration (whose value is taken 
to be 9.81 m s–2), P is the pressure variable, and

 f = 2Ωsin θ0 (6)

is the Coriolis parameter for the relevant latitude θ0 (see Vallis, 
2006). The appropriate boundary conditions are

 uz = τ1 and vz = τ2 on z = 0, (7)

 P = Patm on z = 0, (8)

 (u, v) decays beneath the surface,  (9)

where Patm is the (constant) atmospheric pressure while τ1 and 
τ2 are the components of the wind stress on the free surface 
z = 0. The system (2)–(5) is derived in the f-plane approxima-
tion of the Navier-Stokes equations on a rotating sphere, which 
permits locally flat-space geometry so that, in particular, the 
free surface is regarded as a part of the tangent plane, which is 
identified with z = 0 (see the discussion in Vallis, 2006). From 
(4) and (8) we infer that the pressure is hydrostatic through-
out the Ekman layer, being given by P(x, y, z) = Patm − ρgz, 

FIGURE 8. Bathymetry of Drake Passage. 
The ocean floor is mostly flat except for a 
series of submerged ridges that extend up 
from the bed. In particular, a flat bed is typ-
ical for the region between the circles of 
latitude 56°S and 58°S, in which the eddy 
shown in Figure 7 is located. Image credit: 
Hannes Grobe, Alfred Wegener Institute 
for Polar and Marine Research
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so that the system (2)–(5) simplifies to
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(12)

with boundary conditions shown in (7) and (9). Introducing the 
complex-valued function

F = u + iv,

and setting

d =

√
|f |
2ν

.

1

,

we get (see Vallis, 2006) 

 F = A(x,y) exp{−[1 + isgn(θ)]dz},  (13)

for some complex function A(x, y). Note that (13) yields

Fz

F
= −[1 + isgn(θ)]d on z = 0 .

1

The fact that the argument of the complex number on the right 
side of the above relation is {−π

4
sgn(θ)}

1

 means that the wind- 
generated surface current is at an angle of {−π

4
sgn(θ)}

1

 with respect to the 
wind stress at the surface, deflected to the right in the Northern 
Hemisphere and to the left in the Southern Hemisphere. This 
solution is basically the classical Ekman spiral: from (13) we see 
that the horizontal velocity field rotates and decays with depth 
in non-equatorial regions, like that of the gyre in Drake Passage.

We can now interpret the classical Ekman solution in the 
near-surface Ekman layer in terms of the relative vorticity of the 
flow. Taking the derivative of (10) with respect to the y-variable 
and the derivative of (11) with respect to the x-variable and sub-
tracting the resulting equations leads to the vorticity equation
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∂z2
= 0 , (15)

1

 (14)

Based on (5); we denote by

 γ =
∂v

∂x
− ∂u

∂y
(16)

1

 
(15)

the relative vorticity of the flow. Note that, by neglecting the ver-
tical fluid velocity, the flow is merely a horizontal flow and thus 
the vorticity can be thought of as a scalar (see the discussion in 
the introduction). From (14) we infer that

 
γ = γ1z + γ0 (17)

1

 
(16)

for some real constants γ0 and γ1. Due to (9), the relative vor-
ticity should become negligible at great depths so that the only 
option is that γ1 = γ0 = 0 in (16), and therefore the relative vor-
ticity is zero. Alternatively, from the explicit form (13) of the 

horizontal velocity field in Ekman’s classical solution, we see that 
γ = 0. Indeed, using the polar decomposition

A(x, y) = a(x, y) exp[iβ(x, y)]

1

with a ≥ 0 and β θ ∈ [−π/2, π/2]

1

 [0, 2π], from (13) we get

 
{

u = a exp(−dz) cos[β − dz sgn(θ)] ,
v = a exp(−dz) sin[β − dz sgn(θ)] .

(18)

1

 (17)

Now (5) holds if and only if

 
{

ax + aβy = 0 ,
ay − aβx = 0 ;

(19)

1

 (18)

in particular, for a > 0 the functions β and ln a are harmonic 
conjugated, with the complex-valued function a exp(−iβ) ana-
lytic in the complex variable x + iy. A direct computation con-
firms now from (17) to (18) that the horizontal flow is irrota-
tional, that is, γ = vx − uy = 0.

This situation is clearly unsatisfactory and calls for further 
development of Ekman’s ideas. A possibility that was explored 
within the oceanographic research literature was to go beyond 
the f-plane approximation using the β-plane approximation that 
retains the variation of the Coriolis parameter with latitude. In 
this case, rather than f = 2Ωsin θ0, we use the adjustment

f = 2Ω(sin θ0 + y cos θ0),

which captures to first order a variation with latitude. The 
approach presented above can be implemented, leading again to 
a spiraling horizontal current, deflected at the surface by ±
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of the Coriolis parameter with latitude. In this case,
rather than f = 2Ω sin θ0 one uses the adjustment

f = 2Ω(sin θ0 + y cos θ0) ,

which captures to first order a variation with latitude.
The approach presented above can be implemented,
leading again to a spiralling horizontal current, de-
flected at the surface by ±π

4 with respect to the wind
direction but in this case d is y-dependent in the so-
lution (14), rather than constant. The system (19)
associated with the solution given by (18) is to be re-
placed by

{
ax + aβy − zady sgn(θ) = 0 ,
ay − aβx − zady = 0 .

(20)

Unless a ≡ 0, the system (20) is incompatible, which
illustrates a general issue related to the β-plane ap-
proximation; see the discussion in (Dellar, 2011). The
remaining option is to dispense of approximations and
to use rotating spherical coordinates. This a direction
of research of current interest (Constantin and John-
son, 2018a; Constantin and Johnson, 2018b).

4 Conclusion

We showed that for wave-current interactions on the
continental shelf the vorticity is a measure of the com-
plexity of the flow pattern and offers insight into im-
portant aspects. On the other hand, the role of the
vorticity in mesoscale ocean flows, for which the ef-
fects of the Earth’s rotation need to be accounted for,
remains to be explored.
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 0, the system (19) is incompatible, which illus-
trates a general issue related to the β-plane approximation (see 
the discussion in Dellar, 2011). The remaining option is to dis-
pense with approximations and to use rotating spherical coor-
dinates, a research direction of current interest (Constantin 
and Johnson, 2018).

CONCLUSION
We showed that for wave-current interactions on the continen-
tal shelf, vorticity is a measure of the complexity of the flow pat-
tern and offers insight into important aspects. However, the role 
of vorticity in mesoscale ocean flows, which requires accounting 
for the effects of Earth’s rotation, remains to be explored. In par-
ticular, the vorticity effect on the shape of the surface waves is of 
great interest. Our considerations show also the importance of 
depth-dependent eddy viscosities in generating Ekman-type flows 
with non-zero vorticity, given that the presence of vorticity in the 
near surface ocean layers is experimentally well established. 
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